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7-2 | LOGARITHMS

Let us consider an exponential function E, defined by

Elx) =

where o> 0 ard b 5 |.

The domain of E is the set of all real numbers, and the range of E is
the set of positive real numbers. Thus, for each real number r, therc

exists a unique positive real number
s such that s = b,

If we draw the graph of L, as
shown in Fig. 7-1, then another
property of the function can be
seen: For each positive number s,
the line y = s intersects the graph
of E in one, and only one, point,
(r, 5). This means that the range of
E is the set of all positive real num-
bers, and that for each positive real
number s, there exists a unigue real
number r such that b” = .

The remarks above lead us to
define the logarithm function to the
base b, denoted by logs, in the
following manner.

Definition of the Logarithm Function

For every posi'tive numpber s,

foges = r

Yy
4 y = b
4 ~ meg
(r,s)
0,1y L
} —t—t——x
FIGURE 7-1

WALre v is the number such thath” = s (assum/nj b > Oandb # ).

According to this definition, the function log, has the set of all posi-

tive real numbers as its domain, Also,

10y s Is the power to which b must be rassed to gie s.

To illustrate the definition, let us find each of the following

logarithms.

3
£
g

I3




7-2 LOGARITHMS
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log, 16. If we let r = log, 16, then 2" = 16. Since 16 = 2% we
conclude that » = 4. Thus,

log, 16 = 4.

log, ¥/2. If we let r = log, v/2, then 2" = /2. Since v/2 = 2%,
we conclude that 2" = 2% and r = 4. Thus,

log, v2 = 4.
log, + If we let r = logy 4, then 2" = 4. Since 1 = 272, we con-
clude that » = —2. Thus,
logy £ = —2.

logs 5. 1If we let r = logs 5, then 5" = 5. Since 5' = 5, we con-
clude that » = 1 and

10g5 5= 1.

logs 16. If we let r = logg 16, then 8" = 16. To find the power of 8
that is equal to 16, we replace 8 by 2% obtaining the equa-
tion (2%)" = 16 or, equivalently, 23" = 16. Since 16 = 24,
we conclude that 23" = 2* and 37 = 4. Thus, r = % and

logg 16 = %.

log: 1000. If we let r = logy 1000, then (%) = 1000. Since
10 & = 107!, we conclude that (10~")" = 1000, or

10~ = 1000.

Now 1000 = 10?, and, therefore, —# = 3 or r = —3.
Thus,

logg, 1000 = —3.

Each problem above is solved by using the fact that the two equations

o= log,x and b7 = X

are equivalent, that is, that they have the same solution set.

~ Problem. Solve each of the following equations.

 (a) 4 = logs x (b) y = log, 32 (c) § = log9
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Solution.

(a) The equation 4 = logs x is equivalent to the equation 5% = x.
Hence, x = 625 is the solution.

(b) The equation y = log4 32 is equivalent to the equation 4 = 32.
Since 4 = 2% and 32 = 2% another equivalent equation is
(2% = 2% or 2% = 2% Hence, 2y = 5 and y = &.

(c) The equation 3 = log, 9 is equivalent to the equation b3 = 9. In
turn, this latter equation is equivalent to the equation (b%) = 93,
or b = 9. Hence, b = 27 is the solution. Although it is true that
(=27)% = (\/=27)% or 9, so that b = —27 is a solution of the
equation b = 9, no negative number can be a base for logarithms.
Thus, b = 27 is the only solution of the given equation.

The following properties of logarithms follow from the definition
of a logarithm.

In view of the last property, we might as well restrict the i)ase b to be
greater than 1, for if 0 < b < 1, then 1/b > 1, and each logarithm

to the base b is easily expressed in terms of a logarithm to the base 1/b.
For example,

logy4 = —log, 4, or —2,
logs .00l = —log,,.001, or —(—3), or 3.

Write the logarithmic equation that corresponds to each of the following
exponential equations.

1. (a) 2% = 32 (b)372 =14
2. @) 7° =1 (b) 25% = 125
3. l67f = (b) 10° = 1
4. (@) 167% = 125 ® H2=09

Write the exponential equation that corresponds to each of the following
logarithmic equations.

5. (a) logyo 100 = 2 (b) logs 4 = %
6. (a) logy 81 = —4 (b) logzs 135 = —3%
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7. (a) logg1 =0 (b) log,y = x
8. (a) log, 256 = 2 (b) log1s 8 = %
9. (a) log,9 = 4 (b) logs 4 = —%
; Find the value of each of the following logarithms.
~10. (a) log, 10° (b) logs 210
3 11. (a) log, b* (b) logy b
12 @) logr VT (b) log; 84/32
13, (a) logr o5 (b) logs v/81
; 14. (a) logio v/100 (b) log.7 81
E 15. (a) logy, 100 (b) log 40 .001
Solve each of the following equations for n.
. E 16. log,o.0001 = n 17. logze n = —3 18. log, 125 = —3}
19. log; 773 =n 20. logson = 3 21. log, 1000 = 1.5
. 22.logis8 =n 23, loggqn = & 24. log, (&) = —2
o .

In Exercises 25-30, solve each of the equations for x.

25. logiol = x 26. log; 1 =0 27. logg x = =3
~ 28.log.3 =% 29. x = logge 216 30. x = log, 2
il
-‘- 7-3 LOGARITHMIC GRAPHS
5
T

70 The graph of the function log, is simply the graph of the equation
y = log x.

3’ ~ The particular graph of log, is sketched in Fig. 7-2 from the following
table of values.

1 | 2] 4816
y | =3|—2[-1]0 |12

~ T'his graph is very similar to the exponential graph with base 2 sketched
in Fig. 7-1. In fact, the two graphs can be made to coincide by turning
over the piece of paper on which one is drawn and placing the positive
~ \.axis of the logarithmic graph along the positive y-axis of the expo-
nential graph. This is so because the two equations y = log; X and
¥ = x are equivalent.

T T

"l
= .
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FIGURE 7-2

The logarithmic graph with base 5 > 1 has the following important
properties, which are illustrated in Fig. 7-2.

The first property is true because logy x is defined only if x > 0, and
the second property is true because logy x = 0, if and only if, x = 1.

The proof of the third property is too difficult to be included in this
text.

CZAATCISas

1. (a) Graph each of the following equations on the same set of axes.
y=logsx, y=5"

Is there a line of folding so that the two graphs would coincide? By
what transformation could one equation be obtained from the other?
(b) Graph each of the following equations on the same set of axes.

y=logax, y=1logzx, y=1logsx, y=logox

What point does the following family of logarithmic curves have in
common ?

{y = logy x| b a real number, b > 1}
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Using Property 3 of the logarithmic curve with base b > 1, give two con-

secutive integers between which each of the following numbers lies.

2. (a) log, 6.45
(b) logy 36.125

3. (a) logyq .375
(b) logs .3

4. (a) If 0 < N < 1, what can be said about log; o N?
(b) If N > 1, what can be said about log; o N?

5. If M is a number greater than the positive number N, how do the num-
bers log; o M and log;q N compare?

Graph each of the following equations.

6. y = logg x 7.y = logs 2x 8. y=2+4logyx
9.y =1logs(x+2 10. y = 2logs x 11. y = logs x?
12. y = $logs x 13 y = logs \/x

14. Refer to Exercises 6-13 to answer the following questions.
(a) Which of the graphs are identical?
(b) Which of the graphs have the same x-intercept?
(c) For what set of values of x is each equation defined?
15. (a) Graph y = logs (—x).
(b) For what set of values of x is logy (— x) defined?

16. Graph y = logs (—x) and y = —logz x on the same set of axes.

17. For what set of values of x is logy (x + 1) defined? Graph the equation
y = logs (x + 1). Compare the graph with that of y = log, x.

18. (a) Sketch the graph of the equation y = logs 1/x.
(b) Graph the equation y = —logs x.

o

Pregaration jor Section V-4

1. What is the exponential equation equivalent to log, x = r?

2. What is the exponential equation equivalent to logy y = s?

3. Simplify 5" - b,

4. Try to combine your results in the three preceding exercises to write an
equation relating log, xy to log, x and log, y.
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The laws of exponents, which we verified first for use with positive
integers and later for use with rational numbers, will now be assumed
to be valid for real numbers. Since log, x = y if, and only if, x = bV,
we might expect that the laws of exponents could be translated into
the language of logarithms. This is the case, as we shall show below.
In our development, the base b is always assumed to be a real number
greater than 1.

According to the first law of exponents, the equation

br+s —_ br - b

is true for every pair r, s of real numbers. Let us try to convert this
equation into one relating logarithms by letting

z=b" x=b, y=>.

By the first law of exponents, z = xy. Each of the above equations can
be translated into the language of logarithms, yielding the three equiva-
lent equations

r+s=logyz, r=1logyx, s = logy.
Since r 4 s is the sum of r and s, it follows that
logy, z = logy x + log, y.

If we recall that z = xy, then we have proved the following law.

FIRST LAW OF LOGARITHMS
logy Xy = logy x + logy y (LL-1)

This equation is true for every pair x, y of positive real numbers. The
first law of logarithms can be stated in words in the following way.

The logarithm of the product of two positiye nambers is the
sum 47’7 the logarithms of the two numbers.

If we start with the second law of exponents and reason as we did
above, then we can derive the following law.




THE LAWS OF LOGARITHMS | 7-4 301

SECOND LAW OF LOGARITHMS

I

log, 1 = ldog, x - log, y (BL<)

This equation is also true for every pair x, y of positive real numbers.
The second law of logarithms can be stated in words in the following
way.

The logarithig of the quotient of two positive manhers is the
logarishm of the dicidend mines the logarithing of the divisor.

According to the third law of exponents, the equation
bar . (bG)T

is true for every pair a, r of real numbers. To convert this equation to
one relating logarithms, let

y=05b% and x = b*

By the third law of exponents, y = x". The two equations above are
equivalent to the two logarithmic equations

ar = logy, y, a = log x.
Since ar equals r times a, we have
logy y = r- log x.

Replacing y by x", we obtain the following law.

THIRD LAW OF LOGARITHMS

fog, x* = r . flog, x (LL-3}

This equation is true for every real number r and every positive real
number x. The third law of logarithms can be stated in words in the
following way.

The logarithin of tie rili power of « positive nwmber s

¥y times ihe Togarithm of the number.
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Problem 1. Find each of the following.

(a) logs 161/8 (b) logs 1/9_22
Solution.
(a) log, 160/8 = log, 16 + logs /8

= log, 16 + log, 8%

= log, 16 + % log, 8§
= log, 2* + 1log, 23
=4+ (33, or

In other words, log, 1618 = o

4 ﬁ .
(b) log, Vg = logs V27 — log; 9
= log; 27 — log; 9
= llog; 27 — logy 9
= }logg 3° — log; 32
=(i-3)—2 or—
In other words,
lo v -2
B89 T T4

Problem 2. Express the following number as the logarithm of a singlc

number.
3 10g54 -2 10g56 —+ —g—log5 18
Solution. We proceed as follows:

3logs 4 — 2logs 6 + $log; 18
= logs 4° — logs 6 + log; 182
= logs 64 — log; 36 + logs (V/18)°
= logs 8¢ + logs (33/2)°

logs % + logs 54v/2

= logs (A& - 541/2)

= logs (96V/2).

(LL-1)

(LL-3)

(LL-2)

(LL-3)

(LL-3)

(LL-2)

(LL-1)
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: Problem 3. Solve the equation log, 3 + log, (x + 2) = 2.
0 | Solution. Using the first law of logarithms, we have
logy 3 + logy (x + 2) = logs 3(x + 2).
Hence, the given equation is equivalent to the equation

logy 3(x 4+ 2) = 2.

; This logarithmic equation is equivalent to the exponential equation
I(x + 2) = 4%
Hence,

3x 4+ 6 =16 and x = %2

3

IAETCISHT

Find the value of each of the following by using the laws of logarithms.

5
1. (a) logs /32 (b) logs (‘?)
3 '23 —
2. (a) logs <l\%—> (b) logo (10+7100)
3. (a) logs (25 - 125) (b) logs 1/216
: 4. (a) logs V/98 (b) logs (49 + 7°)
‘ ©5.(a) logg 814/27 (b) log, \4/8
' I'xpress each of the following numbers as the logarithm of a single number.
6. (a) logs 6 — logs 2 (b) logs 80 + logs %
7. (a) 4logz 10 — 2logs 5 (b) 5log; 9 — 4log; 15 + 3 logs 12

If log192 = p and logy3 = ¢, find an expression in terms of p and q for
cach logarithm in Exercises 8-13.

8. lOg104 9. lOglo(%)
10, logio V2 11. logyo .5
12 log;30 13. logio &

’ I log,05 = rand logyo 7 = s, find an expression for each of the following
t%if in terms of » and s.

Pﬁ 4. I()g1035 15. lOglo%

16. log 49 17. logyo %52
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304 REVIEW FOR SECTIONS 7-1 THROUGH 7-4
18. log,o (/7 - V/5) 19. log;q v - log,o 125
20. IDS]QSO—' logm?OO 21. Iog;o ‘\/;

Solve each of the following equations.

22. logs72 — logy9 = N 23. logs 6 = logs x — logs 7

24. log; 98 + log; 3.5 = N 25. logs 63 — logs 7x = logy 2
26. logg 4/.125 = x 27. logs 4 + logs (2x — 3) = 20

28. Prove the second law of logarithms, (LL-2).

In Exercises 29-31, use the laws of log
equations is true.

29. log, 16 — log, 8 + log, 5 = log, 10

arithms to prove that each of the

10

30. 2log: a — 2log. b + 3 log, \/b — jllog,ar- allog,%
24z

31 log;';i =x—x*+ 2logy x

32. Solve the following equation for x.

logs 2 + logs (x + 2) — logs 3x — 5) = 3

33. Prove that

3x — 4/9x2 )

= 2logio (Bx — \/9x7 = 1)
3x + A/0x2 — | 1o

34. Solve each of the following equations.

(@) y = 2log, 8 (b) y = 3 log; 81
() y=10log, 4 (d) —y = blog, b®

log;o

Review for Sections 7-1 through 7-4

Write the logarithmic equation that corresponds to each of the following
exponential equations.

1. 4° = 64 2.9 =)
3.8t=4 4. 49% = 343
5.107% =y 6.a %=

Write the exponential equation that corresponds to each of the following
logarithmic equations.

7. logg6 = 1 8. logz243 = 5
9. logs 4 = —4% 10. logs o = —2
11. logg y = 2x 12. log; 3y = x




REVIEW FOR SECTIONS 7-1 THROUGH 7-4

Solve each of the following equations for x.
13. logy 27
15. logy¢ x
17. log, 45 = —2

Graph each of the following and name the x-intercept.

19. y = logs x 20. y = logs(x+ 1)

21. y = %logs x
Solve each of the following equations.
23. y = }logs 81
25. y = logs 24/2

Answers to Review for Sections 7-1 through 7-4

5. logioy = —x

1. log, 64 = 3
3. logg 4 = %
7.6' =6

9, 472 =}
1. 8% = y

1 x=3
15, x =4

17, x = 7

: i L

It

16. logss x
18. log. &5 = —4

26. y = logz 94/27

. logse343 = £
.logsc = —$

® o B
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COMMON LOGARITHMS

24,y =
26. y =

Bt BN
[

25. y =

7-5 COMMON LOGARITHMS

There are two bases for logarithms that are extensively used today.
One is the base e (e = 2.71828) widely used in higher mathematics.

Logarithms to the base e are called /el Jogaritiing. The other is
the base 10, chosen because of our decimal system of notation.
Logarithms to the base 10 are called cominon fogarithing. We shall

discuss only common logarithms in this section. Whenever we write
log N without indicating the base, it is always understood that the
base is 10; that is,
log N means log;oN.
By the very definition of logarithms,

fog 10" = g

for every real number n. Thus, for example,

log .01 = —2 because .01 = 1072,
log .1 = —1 because .1 = 107",

COMMON LOG
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